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Abstract

Lorem ipsum dolor sit amet, consectetuer adipiscing elit. Ut purus elit, ve-
stibulum ut, placerat ac, adipiscing vitae, felis. Curabitur dictum gravida mau-
ris. Nam arcu libero, nonummy eget, consectetuer id, vulputate a, magna. Do-
nec vehicula augue eu neque. Pellentesque habitant morbi tristique senectus
et netus et malesuada fames ac turpis egestas. Mauris ut leo. Cras viverra me-
tus rhoncus sem. Nulla et lectus vestibulum urna fringilla ultrices. Phasellus
eu tellus sit amet tortor gravida placerat. Integer sapien est, iaculis in, pretium
quis, viverra ac, nunc. Praesent eget sem vel leo ultrices bibendum. Aenean
faucibus. Morbi dolor nulla, malesuada eu, pulvinar at, mollis ac, nulla. Cura-
bitur auctor semper nulla. Donec varius orci eget risus. Duis nibh mi, congue
eu, accumsan eleifend, sagittis quis, diam. Duis eget orci sit amet orci dignis-
sim rutrum.

Let A be an abelian category.

A cochain complexin A is a family (A™, d"),cz where A" is an object in .A and
d": A" — A" is a morphism in A such that d"*! o d" = 0, for all n € Z. For
brevity, we write A®* = (4", d")pez.

iy A L gt 4T a2

A morphism of cochain complexes, say from A®* = (A",d%)nez to B®* =

(B™, d%)nez, is a family (f™),ez of morphisms f*: A" — B™ such that f**! o
" =dp o ftforalln € Z, ie., such that the following diagram commutes:

An d?\ An—l—l

J{ n lfnﬁ» 1

B™ dp Bn+1

We denote f* = (f")nez. Two morphisms of cochain complex can be com-
posed componentwise: f®og® = (f™ 0g")nez. Thus, we can form the category of
cochain complexes in A, denoted CoCh(A). Furtheremore, it can be proved that
CoCh(A) is abelian.

1 Kernels and cokernels

Just recall the definitions ans fix the notations.



In addition we present the following useful lemma.
Let f € hom4(X,Y). There is a unique epimorphism f: X — Im f such that
f=imfo f,ie., such that the diagram commutes

xX— 1 .y

im f

|

Im f

Proof. Ruiter. O

2 Cohomology functors

If A = Ab, the category of abelian groups, the nth homology group of a chain
complex A* is the quotient group H"(A®) = Kerd’ /Im d’ .

Moreover, given a morphism of cochain complexes f*: A* — B°®, there is a
induced morphism of abelian groups H™(f*): H"(A*) — H"(B*) defined by

a+Imdy v f"(a) +Imdy !

where a € Kerd.
Our objective is to generalize this constructions to an arbitrary abelian category.

2.1 Homology functor in objects

Recall thatif¢p: A — B is a morphism of Abelian groups, its cokernel is the group
Cokerty = B/Im4. If in addition # is injective, we have A = Im ), and hence
Coker ) = B/A. In other words, the cokernel of an injective morphism of abelian
groups is nothing else than the quotient of its codomain by its domain.

Thus if we want to define the analog of the quotient Kerd? /Imd’ ' in an
abelian category, we must construct a canonical morphism 67 : Imd’; " — Kerd’}
and then define H"(A*®) to be the cokernel of 7.

Recall that if f is a morphism in 4, its image is defined to be Ker(coker f).
Likewise, its coimage is Coker(ker f).

In order to define 67 we use the universal property of Kerd’, since it is an
attracting object. First, letussee d’joim d’y " = 0. Weknow d’y ' = im d’ 'od’y*,
SO

. mn nm—1 __ : m—1 m—1
0=djody  =djoimd)  odj

and since d’;! is an epimorphism, d’ o imd’y~' = 0. The universal property of
the kernel of d; implies there is a unique morphism Im d’;~* — Ker dj, which we



denote 67, such that the following diagram commutes

kerdy — 4 g Gh_, gn+t
04 imd’~ L
-1
Imd’y
that is,
imd’y~! = kerd’ o 07. (1)

Note there is no other possible map from the image to the kernel, so it is canonical.
there is no other possible way to define such a map.

Let us see §7 is monic.

The nth homology object of A® is

H"™(A®) = Coker 67.

2.2 Homology functor in morphisms

Let f*: A* — B*® be a morphism of cochain complexes. Our objective is to
construct a canonical morphism H"(A®) — H"™(B®), that is, from Coker 6’ to
Coker 0%. The strategy is the same: we use the universal property of the cokernel
of 87, since this is a repelling object.

We will construct morphisms o and /3 such that the following square commutes.

1 o
Imd’y 174 s Ker d’y

_ 9n
Imd’ ' —2- Kerd}

2.2.1 Construction of o

Since Im d"y~! is an attracting object, it is enoguh to show that a suitable mor-
phism from Im d’; ! to B" composed with coker d;* gives zero. What is such a
morphism? Let us illustrate the current situation with the following diagram

_ gt B n—1 B ant _
Im dz 1 A A" 1 f B™ 1 B Im d% 1
imd; ! n— e ,
o imd’ ant ant o
mn n n mn
Kerd? Ko d A T B Ko d Kerd}



We see that we can choose f™ o im d’;*. Observe that

cokerd ' o fhoimd} P ody ! = cokerdly to frod!
_ n—1 n—1 n—1
= cokerdyy “odpy “of

:Oofn_lzo

Since d’y ! is an epimorphism, we get coker ;o f* oim d’y~* = 0. Thus, by the
universal property of the kernel of Coker d;~ 1 thatis, of Im d}?l, there is a unique
morphism a: Imd’ " — Imd’; " such that

froimdy ! =imd} o )
i.e., making the following diagram commute

_ imd? ! coker d 7t
Imdpy £ B" =

Cokerd’y™*

2.2.2 Construction of 5.

This case is easier and follows the same pattern. Note that
Lo (fTokerdy) = (dgo f*)okerdy = "t od okerdy = f"Tto0=0.
Hence there is a unique morphism §8: Kerd’; — Ker d'; such that
f"okerd} =kerdy o3 ®)

2.3 Commutativity of the square

In order to show that the following square commutes, it is enoguh to show that
kerd% o (0% o o) = kerd', o (8 o 07) because ker d%, is monic.

m—1 9;; m
Imd,~" —*—Kerd’}

_1 o
Imd’y 1 "5 s Ker d%



Note that

kerd o B o6 = f" okerd’ o 67 by (3)
= f"oim d’j{l by (1)
=imd} ' oa by (2)
=kerd} ob0foa by (3)

and the claim follows.

2.4 Construction of H"(f*)

So far, we know that the first square in the following diagram commutes. Our final
objective is to demonstrate that there exists a morphism Coker §% — Coker 6% that
makes the second square commute as well. Since this morphism is unique, as we
will show, the only possible choice is to define H™(f*) as this morphism.

Imd’%? %4 Kerd’ coker®3_, Coker 0%
@ B H™(f*)
Imd’%? % Kerd%, ket Coker 0%

Since cokernels are repelling objects, we should use the universal property of
Coker 67.
Note that

(coker 8% o B) 0 0"y = coker 0% o (0 o) =00 =0.
As claimed, there is a unique morphism H™(f*): Coker 6’ — Coker 6%.

2.5 H"is a functor
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